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A novel vortex in a spin-nematic superfluid is found theoretically. A vortex spontaneously breaks
its axisymmetry, leading to an elliptic vortex in nematic-spin Bose-Einstein condensates with small
positive quadratic Zeeman effect. The new vortex is considered the Joukowski transform of a
conventional quantized vortex. Its oblateness grows when the Zeeman length scale exceeds the
spin healing length. This structure is sustained by balancing the hydrodynamic potential and the
elasticity of a soliton connecting two magnetized spots, which is experimentally observed by in situ
magnetization imaging.
Unconventional superfluids, such as spin-triplet p-wave
superfluid 3He and binary/spinor Bose-Einstein conden-
sates (BECs) [1–3], exhibit properties similar to uniaxial
nematic liquid crystals (NLCs) [4]. In such superfluids
called the nematic-spin superfluids [5–7], the order pa-
rameter is partly represented by a vector dˆ that mimics
the director d˜ in the NLC. Nematic-spin superfluids sup-
port not only conventional topological defects in NLC
(disclination, hedgehog, domain wall, and boojum [8–
18]), but also novel defects combined with the superfluid-
ity. An important example is a quantum counter part of
a half disclination, called the half quantum vortex (HQV)
[19]. The simplest type of HQV has been realized exper-
imentally in different superfluids [20–22], where the core
of the vortex in one (spin) component is occupied by the
other vortex-free component. A nontrivial type of HQV
is terminated by a domain wall across which the order
parameter has a phase difference pi. This is called the
wall-HQV composite.
Wall-HQV composites were first realized as the double-
core vortices in superfluid 3He by the Helsinki group
[23]. The research interest in wall-HQVs has been re-
vived recently [24–26], motivated by a cosmological sce-
nario in which the composites of the Kibble-Lazarides-
Shafi (KLS) walls and vortex strings are nucleated via
phase transitions in the early universe [27–29]. The Seoul
group has observed wall-HQV composites nucleated via
quenched phase transition from the antiferromagnetic
(AF) phase to the polar (P) phase in a spinor BEC of
23Na atoms [30, 31]. The experiments [30, 31] are ground-
breaking by observing the non-equilibrium dynamics of
wall-HQV composites directly. However, the phase or-
dering dynamics are poorly understood, because of the
lack of precise knowledge about the properties of wall-
HQV composites. Determining these properties is impor-
tant, because they are fundamental to double-core vortex
in superfluid 3He-B [32–36] and Berezinskii-Kosterlitz-
Thouless transition in anti-ferromagnetic BECs [37–39].
In this study, a free wall-HQV composite in the P phase
of spin-1 BECs has been investigated theoretically. It
is shown numerically that a quantized vortex forms a
non-axisymmetric structure called the elliptic vortex in
the critical regime of the small positive quadratic Zee-
man effect (Fig. 1). The elliptic vortex is interpreted
as the equilibrium state of the free wall-HQV composite
[30, 31], and exhibits an exotic hydrodynamic property.
It forms a planar singularity with elliptic velocity fields,
regarded as the Joukowski mapping of a point vortex. El-
liptic vortices have different scaling behaviors based on
three length scales associated with the Zeeman effect, the
spin interaction, and the condensation energy [Fig. 2]. It
is detectable in the presence of a macroscopic magnetic
structure [Figs. 1(b,c) and 3(b)].
Formulation— A spin-1 BEC of 23Na atoms is de-
scribed by the condensate wave function Φm (m = 0,±1)
of the |m〉 Zeeman component in the Gross-Pitaevskii
(GP) model at zero temperature [3, 40]. The thermody-
namic energy is represented as G({Φm}) =
∫
d3xG, with
G = ~22M
∑
m |∇Φm|2 + U , and
U = c0
2
n2 +
c2
2
s
2 − (µ− q)n− q |Φ0|2 − psz. (1)
Here, we introduced the chemical potential µ(> 0)
and the coefficient q (p) of the quadratic (linear) Zee-
man effect. In the Cartesian representation Φ =
[Φx,Φy,Φz]
T
=
[
−1√
2
(Φ+1 − Φ−1), −i√2 (Φ+1 +Φ−1),Φ0
]T
[41], the condensate density and the spin density are ex-
pressed by the dot product n =
∑
m |Φm|2 = Φ∗ ·Φ, and
the cross product s = [sx, sy, sz]
T
= iΦ × Φ∗, respec-
tively.
The ground (bulk) state is obtained by minimizing the
condensation energy U =
∫
d3xU . Assuming the anti-
ferromagnetic interaction c2 = 0.016c0 > 0 with p = 0
obtained experimentally [30, 31], the ground state has
no magnetization (s = 0), and the order parameter is
represented as
Φ =
√
neiθG dˆ. (2)
The real unit vector dˆ = [dx, dy, dz]
T
plays the role of
pseudo-director; an ordered state of (dˆ, θG) is identical
to that of (−dˆ, θG + pi). The ground state in the P (AF)
phase with q > 0 (q < 0) is represented as n = nP
and dˆ = ±zˆ (n = nAF and dˆ = rˆ⊥), where the bulk
2FIG. 1. The cross-sectional profile of an elliptic vortex for
q/µ = 2−17 ≈ 7.6 × 10−6. (a) The left and right panels
show the density profiles of |Φ0|
2
nP
and |Φ1|
2
2nP
, respectively. The
profile of |Φ−1|2 is not shown, since it is the same as that of
|Φ1|2. (b) The vector field on the left shows v0 = ~M∇Θ0,
with the background plot of Θ0 = arg Φ0. The phase argΦ±1
is homogeneous in the core (not shown). The spin density sy
is plotted on the right, while sx = sz = 0. (c) (Left) The
texture of the unit vector d/|d| (arrow) in Eq. (2). The color
of the arrows and the surface correspond to Φ0 and sy in
(b), respectively. (Right) A schematic of the cross-sectional
profile.
density is given by nP =
µ
c0
(nAF =
µ−q
c0
), and the unit
vector zˆ (rˆ⊥) parallel (normal) to the spin quantization
axis. By rescaling energy and length by µ and ξn ≡
~√
Mµ
, respectively, the P phase is parameterized by two
dimensionless quantities, c2c0 and
q
µ .
Vortex core structure— One might expect that there
is nothing strange about the occurrence of vortices in
P phase, where the order parameter is a complex scalar
Φ0 =
√
nPe
iΘ0 with Φ±1 = 0, as is in conventional scalar
superfluids. However, the vortex core can be unconven-
tional. This behavior is typical in nematic-spin superflu-
ids; The core of the topological defects is occupied by a
different ordered state so as to reduce the condensation
energy. Similarly, the core of a vortex in the P phase can
be occupied by the m = ±1 component.
To examine the conjecture, the lowest-energy solution
was obtained in a uniform system numerically. It is found
that a non-axisymmetric core structure is observed for
small q/µ. Figure 2 shows the cross-section of the non-
axisymmetric core, obtained numerically by minimizing
the energy G in a uniform system [42, 43]. The vortex
core of the m = 0 component is occupied by the m = ±1
components, and the density n is mostly homogeneous
[Fig. 1(a)]. Surprisingly, the velocity field forms an el-
liptic structure [Fig. 1(b) left]. Additionally, two spin
spots are observed with opposite transverse magnetiza-
tion (sy 6= 0) at the edges of the vortex core [Fig. 1(b)
right].
The distance lspin between the two spin spots is a de-
creasing function of q [Fig. 2(a)]. Accordingly, the den-
sity ncore at the center of the vortex core and the maxi-
mum spin density smax⊥ decrease with q and vanish at a
critical value qC ≈ 0.25µ [Fig. 2(b)] [44, 45]. This be-
havior is partly similar to that of the AF-core soliton in
polar phase [46], where the soliton core is vacant for large
q, while the core is occupied by the AF state (s = 0 with
Φ±1 6= 0 and Φ0 ≈ 0) below qC. In our case, however, the
vortex core is occupied by two different sates, the Broken-
axisymmetry (BA) state (s⊥zˆ with Φ1Φ0Φ−1 6= 0) [47],
in addition to the AF state.
To explain the core structure of an elliptic vortex
schematically, it is useful to introduce the representation
Φ = eiΘ0(d+ ie⊥) (3)
with the real vectors d = [dx, dy, dz]
T with dz ≥ 0, and
e⊥⊥zˆ. Equation (3) reduces Eq. (2) for s = 0, with
e⊥ = 0 and d =
√
ndˆ [48]. The left panel in Fig 1(c)
shows a cross-sectional plot of d|d| and sy. In the center
region between the two spin spots, d lies on the xy-plane
forming the AF state, where a state (dˆ, θG) = (−xˆ,±pi)
for x > 0 is identical to (xˆ, 0) for x < 0 along the center
line x = 0. The nematic-spin order is destroyed when dˆ
is ill-defined in the spin spot occupied by the BA state,
as described schematically on the right panel in Fig 1(c).
To clarify our problem, the main goal is to answer the
following two questions;
Q1: What causes the axisymmetry breaking?
Q2: What is the physical mechanism to stabilize the el-
liptic structure?
Vortex winding rule— As the answer for the first ques-
tion, it is claimed that the spin interaction breaks the
axisymmetry. To justify the claim logically, we introduce
a winding rule of an axisymmetric vortex in spin-1 BECs.
We consider a straight vortex along the z axis, the cross
section of which is axisymmetric as Φm = fm(r)e
iLmϕ,
with radius r =
√
x2 + y2, and azimuthal angle ϕ in
cylindrical coordinates. The rule states that Lm is pa-
rameterized by the winding numbers L andN , associated
with the mass- and spin-current, respectively, and given
by
Lm = L+mN (L,N = 0,±1,±2, ...) (4)
3FIG. 2. (a) The q-dependence of lspin. The solid curve
represents the evaluation by Eq. (12). All lengths are scaled
by ξn. (b) The q-dependence of the spin interaction Espin, the
maximum spin density smax⊥ = max(sy), and the core density
n±1(0). The solid curve tracing each data corresponds to an
analytic formula (see text).
This rule is applicable only when the real functions
fm(r) (m = 0,±1) are nonzero [49, 50].
By contraposition of the above argument, the vortex
must be non-axisymmetric, when the winding rule is not
satisfied. As is seen in Fig. 1, only the m = 0 component
has a nonzero winding number, corresponding to L0 = 1
and L±1 = 0. Such a set of winding numbers cannot
satisfy the winding rule. The axisymmetry is exactly
recovered only for Φ±1 = 0 (q ≥ qC).
The spin interaction is essential to the axisymmetry
breaking. The energy terms other than the spin interac-
tion in the energy functional G have a quadratic depen-
dence on the order parameter given by |Φm|2 → f2m. The
winding rule is directly connected with the transverse
component of the spin density, depending on argΦm [51].
This is the reason why the spin spots exhibit transverse
magnetization.
Joukowski mapping— To answer the second question,
the potential flow theory in two-dimensional flow is ex-
tend to our problem. The elliptic core structure hints
at the Joukowski transformation, since the velocity field
on the cross-section is considered a two-dimensional po-
tential flow [52–54]. This perception is the motivation
for investigating the problem, and the following analy-
sis lead to the evaluation of the elliptic core structure
quantitatively.
The velocity field v0 =
~
M∇Θ0 = (u, v) in the xy-
plane is generated by a conformal mapping called the
Joukowski transformation from a vortex within a cylin-
der of radius a in the ζ complex plane to the xy-
plane, x + iy = ζ + a
2
ζ . By using the parameter-
ization ζ = iaeφ+iψ (φ ≥ 0), one obtains (x, y) =
2a(coshφ cos(ψ + pi), sinhφ sin(ψ + pi), representing an
ellipse of width 4a coshφ and thickness 4a sinhφ [55].
The velocity field is computed by applying the confor-
mal mapping to the complex velocity potential W of the
vortex in the ζ-plane,
W = −i κ
2pi
log ζ. (5)
The circulation κ = 2pi~M around a quantized vortex is
conserved in the transformation as follows. By apply-
ing the transformation to Eq. (5) and using the formula
v → ± κ2pi 1√4a2−y2 for |y| < 2a in the limit x → ±0, the
vorticity ωz(x, y) = (∇× v0)z forms a segment singular-
ity of width 4a,
ωz(r) =
κ
pi
1√
4a2 − y2 δ(x)Θ(2a− |y|). (6)
with the step function Θ (Θ = 1 for 2a ≥ |y| and Θ = 0
for 2a < |y|). By integrating Eq. (6), it is confirmed
that the circulation is conserved via the transformation;∫
dxdyωz = κ.
Hydrodynamic potential—To reveal the physical mech-
anism that stabilizes the elliptic vortex, the energy
Evortex of a vortex of unit length is evaluated. The
vortex energy in the ζ-plane is computed convention-
ally by considering the contribution from the core region
(|ζ| < ρcore ≡ aeφcore) and the outer region (|ζ| > ρcore)
separately [56]. Similarly, we consider the Joukowski
mapping of the former and the latter, corresponding to
an ellipse of area Score and outer area Sout in the xy-
plane, respectively.
The core region is characterized by two parameters a
and rcore ≡ ρcore − a as
Score = piR+R− = pi
(a+ rcore)
4 − a4
(a+ rcore)2
, (7)
with R± =
(a+rcore)
2±a2
a+rcore
. Here, 2R+(−) is the length of
the major (minor) axis of the ellipse. For high oblateness
with arcore ≫ 1, we have R+ ≈ 2a and R− ≈ 2rcore, and
the width and thickness of the core region are in the order
of 4a and 4rcore, respectively. We have R+ = R− → rcore
for the axisymmetric limit arcore → 0.
The vortex energy is defined as the excess energy in the
presence of the vortex, with respect to the bulk energy
Ebulk = UP(Sin + Sout) with enegy density UP = − 12µnP
of the P state. The vortex energy is then represented
formally by
Evortex = Eout + Ecore − Ebulk = Ucore + Uout (8)
with Ecore(out) =
∫
Score(out)
dxdyG and Ucore(out) =
Ecore(out) − UPScore(out). The potential Uout of the outer
region is evaluated by computing the integral in Eout
analytically with an approximation n ≈ nP
(
1− M2µv20
)
,
where the quantum pressure is neglected. In the approx-
imation up to the order of O
(
M
2µv
2
0
)
, a straighforward
computation yields
Uout ≈ Uhyd = MnPκ
2
4pi
ln
R
a+ rcore
. (9)
4Here, we used the radius R = aeφout of the system bound-
ary by assuming R≫ a [57].
Elastic core potential— The core potential is deter-
mined by introducing a phenomenological model, where
a soliton is spanned between the spin spots. This model
is justified by the fact that the phase gradient is mainly
concentrated around the spin spots, consistent with the
vorticity distribution (6) [see also Fig. 1(c)]; thus, the
core structure between the spots is similar to that of the
AF-core soliton [46]. Accordingly, we write
Ucore = Esoliton + Espin (10)
where the soliton energy Esoliton is a function of the
length lsoliton ∼ lspot and the spin interaction Espin comes
from the second term of Eq. (1).
It is important to note that Ucore depends explicitly
on lspot through Esoliton. This is because Espin is deter-
mined independently from the hydrodynamic argument.
The size rspin and the magnitude s
max
⊥ = max(sy) of the
spin spot are asymptotic to ξs =
~√
Mc2nP
and nP, re-
spectively, for ξq ≫ ξs ≫ ξn. For ξs ≫ ξq & ξn, the core
density grows as n±1(0) ∝ 1− qqC in the continuous phase
transition [58], and the size rspin must be bounded below
the vortex core size . ξq. Therefore, the size of a spin
spot is simply parameterized as
r−1spin = ξ
−1
s + Cspinξ
−1
q (11)
with a constant Cspin ∼ O(1). In fact, the spin interac-
tion, estimated by Espin =
1
2c2(s
max
y )
2pir2spin agrees well
with the numerical result with Cspin = 0.8 [Fig. 2 (b)]
[59].
To simplify the analysis, the soliton length is defined as
lsoliton ≡ 4a+ 4rcore. The equilibrium length is then de-
termined by ∂∂lsolitonEvortex =
∂
∂lsoliton
(Uhyd + Esoliton) =
0. In the first approximation, the soliton energy Esoliton
is expressed as E1stsoliton = αAFlsoliton with the tension
coefficient αAF ∼ √qµnPξn of the AF-core soliton [46].
This approximation fails for ξq ≫ ξs. Actually, the thick-
ness of the elliptic core is much smaller than the thick-
ness ∼ ξq of the AF-core soliton forming a halo structure
[Fig. 1 (a)], which increases the tension effectively. To
take this effect into account, we introduce a phenomeno-
logical formula
Esoliton
µnPξ2n
=
√
q
µ
lsoliton
ξn
(
1 +
lsoliton
rspin
)
. (12)
This formula yields lsoliton =
rspin
4ξn
(√
1 + 8pi
ξq
rspin
− 1
)
,
and explains the scaling behavior of lspin in Fig. 2(a).
This means that the soliton is effectively elastic with
Esoliton ∝ l2soliton for ξq ≫ ξs with rspin ∼ ξs.
Rotating solutions— Finally, the response to an exter-
nal rotation is investigated as a dynamical property. The
external rotation of angular frequency Ω is introduced by
G′ = G−ΩLz, the energy in the rotating frame [60], with
FIG. 3. (a) The q-dependence of the width lΩspin of a rotating
elliptic vortex with angular velocity Ω. The state with a single
vortex is less stable for larger |Ω| and smaller q, leading to a
lattice of elliptic vortices. The inset shows a lattice state
obtained for Ω~/µ = 0.001 and q/µ = 2−11. (b) The three
dimensional solution of an elliptic vortex in a harmonic trap
for Ω~/µ = 0.0005. The isovolume plot shows the region
|Ψ0|2c0/µ ≤ 0.3 for x > 0 and the density |Φ0|2 in the x = 0
cross-section is displayed. A translucent surface along the z
axis represents the isosurface of |Ψ±1|2c0/µ = 0.15, to which
the two poles of the isosurfaces syc0/µ = ±0.7 are attached
(red for positive and blue for negative).
the angular momentum Lz of the condensate along the
rotation (z) axis. The width lΩspin of an elliptic vortex de-
creases with Ω [Fig. 3(a)], since the angular momentum
increases more as the vorticity is localized more toward
the center. Owing to the boundary effect [61], the solu-
tions of a single vortex are unstable for large |Ω| or small
q/µ, leading to a lattice of elliptic vortices [inset of Fig.
3(a)].
The three-dimensional structure of an elliptic vor-
tex is demonstrated numerically for a feasible setup in
Fig. 3(b). A condensate of N ≈ 5.6× 105 23Na atoms is
trapped by a harmonic potential Vtrap =
M
2 (ω
2
⊥r
2+ω2zz
2)
with ~µ (ω⊥, ωz) ≈ (0.019, 0.024). The spin spots appear
as two poles (red and blue) along the m = ±1 compo-
nent (translucent pole) in the vortex core of the m = 0
component [62].
Summary and discussion— The oblateness of the ellip-
tic vortex increases with ξq and becomes large, notably
when the spin interaction is maximized for ξq ≫ ξs ≫ ξn.
The elliptic core is sustained by the repulsive hydrody-
namic and attractive elastic potentials, which are ob-
served as two spin spots (poles) with in situ magneti-
zation imaging [21].
The analysis implies that the wall-HQV composites
[30, 31] can survive as elliptic vortices after the quenched
phase transition, although they were assumed to be
marginally unstable for q → 0, owing to the snake in-
stability. The logics and analyses here can be applied
in a similar way to the double-core vortex or the KLS-
wall-HQV composite in superfluid 3He-B, while different
forms of the hydrodynamic potential and soliton tension
were introduced [63]. It should be mentioned that simi-
lar objects are observed as the spin-mass vortex attached
5by a planar soliton in superfluid 3He [64, 65] and has
been investigated theoretically as the vortex molecules
in Rabi-coupled binary BECs [66–74]. Further investiga-
tions on the dynamics and interactions of the wall-HQV
composites will shed light on unexplored phenomena of
symmetry breaking phase transitions.
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SUPPLEMENTAL MATERIAL
Method of the numerical simulation
Here, we describe the method of numerical simulation
used in this work. The numerical solutions is obtained
by minimizing the energy functional
G′′ =
∫ R1
−R1
dx
∫ R2
−R2
dy
∫ R3
−R3
dzd3x(G + Vtrapn− Ωlz)
with the trapping potential Vtrap and lz =
~
∑
m ℜ[Φmx∂yΦm − y∂xΦm]. The space coor-
dinates (x, y, z) = (x1, x2, x3) are discretized as
xi(ni) = −Ri + ∆xni with ni = 0, 1, 2, ...Ni with
xi(Ni) = Ri. The spatial derivatives of Φm are com-
puted with finite difference approximation; e.g., ∂xΦm
and ∂2xΦm are computed by the central difference of the
first and second order, respectively.
All solutions were obtained by minimizing the energy
functional very carefully. The steepest descent method
is performed by solving the imaginary time evolution
∂Φm
∂τ = − δG
′′
δΦm
. The imaginary time τ is discretized
as τ = ∆τnτ with nτ = 0, 1, 2, ..... The time evolu-
tion is written as Φm(nτ + 1) = Φm(nτ ) − ∆τ δG′′δΦm (nτ ).
The time evolution is computed until the difference
G′′(nτ ) − G′′(nτ − 1000) becomes non-negative within
the double precise by using Intel R© Fortran Compiler.
The solutions in a uniform system is approximately ob-
tained in a cylindrical box potential Vtrap = V0[tanh(r −
R)+1] with V0/µ = 20, R = 0.95R⊥, and R1 = R2 = R⊥.
Here, we solve two-dimensional equations by assuming
that the wave functions are homogeneous along the z axis
and thus independent of z. The trap depth V0 is taken to
be so large that the order parameter damps quickly out-
side the cylinder and almost vanish nearby the system
boundary. For the non-rotating case of Ω = 0 (the re-
sults of Figs. 1 and 2), the numerical simulation was done
with 2R⊥ = 1024.5ξn withN1 = N2 = 2048, ∆x = 0.5ξn,
and ∆τ = 0.0025. It was confirmed that our results do
not change essentially for ∆x = 0.3ξn and ∆x = 0.4ξn
except for the finite-size effect, which is of no interest to
our main subject. The finite-size effect becomes impor-
tant only for qµ ≤ 2−19 ≈ 1.9 × 10−6 for ∆ = 0.5ξn. For
very small values of qµ the width of the elliptic vortex be-
come on the order of or larger than the system size and
we could not obtain the vortex state.
The vortex solutions were obtained for q/µ =
2−nq (nq = 0, 1, 2, ...) as shown in Fig. A1. The vortex
has the normal core with Φ±1 = 0 for nq < 3 (not shown).
The protocol of the numerical simulation is as follows.
First, the solution for nq = 3 is obtained. Then, the ini-
tial state of the time evolution is set as Φ0 = f0(r)e
iϕ
and Φ±1 = f±1 with f0(r) =
√
max(0, µ− Vtrap − ~22Mr2 )
and f±1(r) = ±
√
nP
2 e
−r2/ξ2n . The vortex can be stabi-
lized in the center region even for the non-rotating case
8FIG. A1. The cross-sectional profiles of elliptic vortices and the three dimensional texture of pseudo-director field d/|d| for
q = 2−nq (nq = 3, 5, 9, 13, 17). The method of plot is the same as that of Fig. 1 in the main text. The angle of view is changed
from that in Fig. 1 in the three dimensional plots in the bottom.
of Ω = 0 since the spatial gradient of Vtrap is negligibly
small there. The solution for nq +1 is obtained by using
the solution of nq as the initial state.
The rotating case of Fig. 3 (a) is obtained with 2R⊥ =
410ξn with N1 = N2 = 1048 and ∆ = 0.4ξn. The pro-
tocol is the same as the non-rotating case. For the three
dimensional simulation in the harmonic trap of Fig. 3 (b),
the system size is 2R⊥ = 192.5ξn and 2Rz = 128.5ξn with
N1 = N2 = 384, N3 = 256 and ∆ = 0.5ξn.
Computation of the hydrodynamic potential
The velocity field v = (u, v)T in a two dimensional
potential flow is represented as u = ∂yΨ = ∂xΦ and
v = −∂xΨ = ∂yΦ with the Stream function Ψ and
the velocity potential Φ. The complex velocity potential
W = Φ+ iΨ of a point vortex with a circulation Γ in the
complex plane (x, y) is written as W = −i Γ2pi log z. The
Joukowski transformation z = ζ + a
2
ζ with ζ = ae
φ+ψ
9reads x = 2a coshφ cosψ and y = 2a sinhφ sinψ. This
transformation corresponding to an ellipse of major ra-
dius 2a coshφ and minor radius 2a sinhφ (φ ≥ 0) in the
xy-plane. The ellipse reduces a segment of length 4a
along the x axis for φ = 0. The segment is along the y
axis if a is replaced by ia in the formula of ζ. We used the
formula ζ = aeφ+iψ in the following computation without
loss of generality.
In a quantized vortex in a scalar superfluid, the velocity
field diverges at the center of the vortex core, where the
order parameter amplitude vanishes at the core. The
density increases to the bulk value far from the core. The
region within a circle of a radius ξn with small density
around the center is called the core region. To evaluate
the energy of a quantized vortex per unit length, the
contributions from the core region (r < ξn) and its outer
region (r > ξn) is computed separately. Similarly, for the
elliptic vortex, there exists the core region of an elliptic
form around the band-shaped singularity and the energy
is computed separately.
To compute the energy analytically, we neglect the so-
called quantum pressure term in the Thomas-Fermi (TF)
approximation [40]. Then, the density far from the vortex
core can be written as
n ≈ nTF = nbulk
(
1− M
2µ
v
2
)
with nbulk = nP is the bulk density. In this approxi-
mation, one obtains the contribution to the energy func-
tional G from the outer region of area Sout up to the
order of O
(
M
2µv
2
)
Eout =
∫
Sout
d2xG
≈
∫
Sout
d2x
[
MnTF
2
v
2 + U(nTF )
]
=
∫
Sout
d2x
[
MnP
2
v
2 + UP
]
. (A1)
Here, U(nTF ) is the energy density U evaluated in the
TF approximation, and it reduces to, for the bulk in the
P state,
Ubulk = UP = − µ
2
2c0
.
A state, different from the P state, appears in the core
region where the m = 0 component vanishes. The con-
tribution from the core region is written as
Ecore = UcoreScore
with the energy density Ucore and the area Score of the
core region.
The vortex energy Evortex is defined as an excess en-
ergy in the presence of the vortex, the difference be-
tween the total energy with a vortex and the energy
Ebulk = Ubulk(Score + Sout) in the absence of it;
Evortex = Eout + Ecore − Ebulk
= Uout + Ucore (A2)
with Ucore(out) = Ecore(out)−UPScore(out). The potentials
of the outer and core regions are rewritten as
Uout =
Mnbulk
2
∫
Sout
d2xv2
Ucore = δµnbulkScore (A3)
with δ =
Ucore
µnbulk
+
1
2
.
The potential Uout, which is reduced to the hydrody-
namic potential Uhyd as shown later, is evaluated by com-
puting the integral
I =
∫
Sout
dxdyv2
=
(
Γ
2pi
)2 ∫
Sout
dxdy
∣∣∣∣ 1√z2 − 4a2
∣∣∣∣
2
=
(
Γ
2pi
)2 ∫
Sout
dxdy
1√
(x2 − y2 − 4a2)2 + 4x2y2
.
Here, we used
|u| = Γ
2pi
∣∣∣∣ℑ
[
∂xζ
ζ
]∣∣∣∣ = Γ2pi
∣∣∣∣ℑ
[
1√
z2 − 4a2
]∣∣∣∣
and
|v| = Γ
2pi
∣∣∣∣ℑ
[
∂yζ
ζ
]∣∣∣∣ = ± Γ2pi
∣∣∣∣ℜ
[
1√
z2 − 4a2
]∣∣∣∣ .
According to the transformation (for the ellipse along
the x axis)
(x, y) = (2a coshφ cosψ, 2a sinhφ sinψ)
we have the determinant of the Jacobian matrix∣∣∣∣ ∂(x, y)∂(φ, ψ)
∣∣∣∣ = 2a2(cosh 2φ− cos 2ψ).
The integral I is computed as
I =
(
Γ
2pi
)2 ∫ φR
φcore
dφ
∫ pi
−pi
dψ
1
2a2
√
(cosh 2φ− cos 2ψ)2
∣∣∣∣ ∂(x, y)∂(φ, ψ)
∣∣∣∣
=
Γ2
2pi
∫ φR
φcore
dφ
=
Γ2
2pi
(φR − φcore)
=
Γ2
2pi
ln
ρR
ρcore
with the radius of the system boundary in the ζ-plane
ρR = ae
φR or φR = ln
ρR
a
10
and the cutoff radius for the core region
ρcore = ae
φcore or φcore = ln
ρcore
a
(ρcore > a).
The system boundary and the cutoff circle in the ζ-plane
are mapped into ellipses in the xy-plane. The major and
minor radiuses are written as
AR,core = 2a coshφR,core =
ρ2R,core + a
2
ρR,core
BR,core = 2a sinhφR,core =
ρ2R,core − a2
ρR,core
(A4)
and they satisfy the relation
AR,core +BR,core = 2ρR,core.
In the limit ρRa →∞, we have
AR = BR → ρR = R
with the radius R of the system boundary in the xy-
plane.
The size of the core region is parameterized by two
parameters, a and
rcore ≡ ρcore − a.
Then, we have
Uout ≈ Uhyd = MnP
2
Γ2
2pi
ln
R
a+ rcore
.
The area Score of the core region is represented as
Score = piAcoreBcore = pi
(a+ rcore)
4 − a4
(a+ rcore)2
The oblateness f of the core region is defined as
f = 1− Bcore
Acore
=
2
1 + (1 + rcore/a)2
.
For rcorea ≪ 1, asyptotic to the limit of the maximum
oblateness (f = 1), we have
Acore ≈ 2a, Bcore ≈ 2rcore
and for rcorea ≫ 1, asyptotic to the limit of the minimum
oblateness (f = 0),
Acore = Bcore ≈ rcore.
The former limit corresponds to a vortex with a band-
shaped core region in three dimensions, called a vortex
band. The latter corresponds to a conventional vortex
filament with cylindrical core region.
Computation of the spin interaction
The BA state, emerging around the edge of the elliptic
vortex, is collateral in the existence of the AF state in the
vortex center. Therefore, the magnetization can be as-
sociated with the density at the origin ncore = n(r = 0).
According to the mean-field approach in the previous
studies [45, 46], a continuous phase transition occurs
at a critical point (q = qC) in the core of a topologi-
cal defect. This approach is also well applicable to our
case. We obtain similar behaviors ncore ∝ 1 − qqC and
smaxy = max sy ∝
√
1− qqC . Since the density is asymp-
totic to nAF far from the critical point for q ≪ qC, a
quantitative estimation is obtained by
ncore ∼ nAF
(
1− q
qC
)
,
which is quantitatively agreed with the numerical result
[Fig. 2(a)].
The magnetization is well described with this approach
too. The magnetization happens around the two spots
with argΦ0 = ±pi along the y-axis. Then the local spin
density is written as Fy ∼ ±2
√
2n1|Φ0|2 with Φ+1 =
−Φ−1 = √n1 ∝ √ncore. The density is almost constant
n ≈ nP everywhere for small q and then the maximum
value is estimated by the relation between the arithmetic
and geometric means with 2n1 =
n
2 ≈ ncore2 and |Φ0|2 =
n
2 ≈ nP2 as
smaxy ∼
√
ncorenP
1 + c2c0
,
where the factor in the denominator comes from the spin
interaction in the presence of spin density.
The size rspin of the magnetic spot around the edges
grows with the size of the AF-core, ∼ ξq. The spin in-
teraction becomes more important as the magnetic spot
grows and the spot size finally reaches the spin healing
length, estimated as
ξs =
~√
Mσ
.
with σ = c2nP. This crossover behavior of the spot size
is described by a simple formula
rspin =
1
ξ−1s + Cspinξ−1q
,
with a constant Cspin ∼ O(1). Finally, the spin interac-
tion energy is evaluated as
Espin ∼ 1
2
c2(s
max
y )
2pir2spin ∼
pi
2
c2
c0
ncore
nP
(
rspin
ξn
)2
µnPξ
2
n.
This formula is well-consistent with the numerical result
with Cspin = 0.8.
